04835370
AN LEREOH B ik
Fall 2023
Memory & Arithmetic

AN Y

:‘°“N'p"¢ p g
NIELE TS
Z P G

558 EKING UNIVERSITY



B Outline
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B Memory Types

Read-Write Memory

Read-Only Memory

CAM

Read-Write
Memory
Random Non-Random
EPROM Mask-Programmed
Access Access 5
L, | EPROM Programmable (PROM)
SRAM FIFO FLASH
LIFO
DRAM RRAM
Shift Register MRAM
PCM
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R 5 59z
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" B Memory Spatial Abstraction

M bits
—
( SO—> Word 0
S1—> Word 1
SZ—» Word 2
ve T
words—
Sw 225! Word N2 2
\ SNZL* Word N2 1

!

Input-Output
(M bits)

Storage
cell

M bits

Word 0

Word 1

Word 2 ¢ cell

Word N2 2

Word N2 1

K 5 log,N 1

Input-Output
(M bits)

e\)Nlpe »

;é 4:: ae - J ‘g

el s 5Ho9 =
Tsod PEKING UNIVE

RSITY

Storage

Intuitive architecture for N x M memory Decoder reduces the number of select signals

Too many select signals:

N words == N select signals

K =log,N



B B Memory Timing Behavior ANELIES
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Normal Mode Read Normal Mode erte

cu<_/\_/\_/\/\/\/\/\ CLK_/\_/\—/\—/\—/\—/\_/\_

A[11:0] -X%\EO (ar Y\ a2 (a3 \ma XA%S Ao -XAO XAlXA2XA3 XA4 XAS (]
aizs:o) DY (a0 Y a1 (a2 XCEI?:XQ4 Y@ o150 -X DO Xm XDZXDB XD4XD5 (i
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B B Memory Timing Behavior / Compute-In-Memory

Burst condition

S ipipipipipinipipinli

Continuous condition

ek MMM

Asx> 2,50 &3 X0 T3 S G B Ao 7,00 03 €5 €53 G G G G &
INx<x> fNO ANt KA N2f N3 K kX INx<x> (N0 (Nt e XX X X X X
PIM_analog 7/XAN0 Y7~ PIM_analog 7XAaNo YANT Y AN2YAN3Y X X X
Col_D<x> 7 XANO XANO Y ANOYXANOX X X Col_D<x> X Aano ANt Yan2 Y ansY X T YT

« Add additional (compute mode) inputs
» Perhaps additional address bits



B B Memory Architecture 7y de i x
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L2 K Bit line
I Storage cell
/-» [ v
A K > | I ¥
— | i ﬁ
A KL > ————— A== == Word line c e =
—>1 I B O
I v i :Rt‘ =
—> [ > : 5 SR i 2
Ao . | = 9 <
~ i 2 , =27
> : £ P :f
EEEEE RN, e [
Amplify swing to 1 ‘ : » :
. . mp | .
Sense amplifiers / Drivers rail-to-rail amplitude l 0.3Mb subarray layout
EREIIEIEE
A Column decoder Selefits appropriate
wor . . .
K2 1 t How it can achieve large capacity?

Tnput-Output Jain, Pulkit, et al. "13.2 A 3.6 Mb 10.1 Mb/mm 2 embedded non-volatile ReRAM
p M bi P macro in 22nm FinFET technology with adaptive forming/set/reset schemes yielding
( its) down to 0.5 V with sensing time of 5ns at 0.7 V." 2019 IEEE International Solid-State

Circuits Conference-(ISSCC). IEEE, 2019.
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M bits Each memory 1/0 bit width is 128bit
/—J%

S :

[ 250 Wordo For TMb memory, what is the range of memory
S, address?

—> Word 1
SZ_» Word 2 Storage
< ./ cell
N —

q TMb/128b

WOrgs== = (220 bit)/(27 bit)
NiZs! Word N2 2 = 213
Sna 1

\ —> Word N2 1

1 13-wire address is necessary

Input-Output
(M bits)
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" M A Practical DRAM Product

Figure 3: 1 Gig x 8 Functional Block Diagram

EEmEEmEEEmESmEEEESSEESESESESSESSEESSSESEESSSESSESSEESSEESEESSESSEESESSSESSESESESSESSESSSmSSmSSSESSESSEESEEESEESEESSESSESSSESSESSEmSSmssEEssmEsEEEEEEEEEEEEEEEEEg
E Bank 3 ! Bank 3 CRCand | .
) [ Bank 2 a = ALERT
ODT —d » To ODT/output drivers B::’:‘Z I Bank 1 pexity contrl :
: \—’ Bank 0 Bank 0 =
Bank Group 3 =
. ZQCAL | 157Q Control BG3 Bank; i .
RESETn —»o—| > VredQ BaBr;:n; 2 | Bank 2 ZQ .
o Control ——— B8C4 Bank 1 Bank 1 control .
CKE [ logic o Bank 0 Bank 0 || .
] BG2 Bank Group 2 .
CK_t. CK_c —pO— CRC gt oot \ o .
[ Parity Bank 3 - control
AR _’6 Bank 3 [ Bank 2 ers [ :
. [ Bank M
TEN —pd—— 2 (A12.A10) o ek s || .
-
. —
BG1 Bank Group 1 CK_t.CK_c -
CS_n —-PQ— H F AN (S -
- H Command decode 3 (AIBAI5A14) Bank 3 Bank 3 v .
ACT_n —pO——| RAS_N.CAS_n, WE n Bank 2 lers - .
v Bank 1 ! 2ach E DLL .
. - Bank 0
P Mode registers Bank 0 || .
"R BGO Bank Group 0 - .
PR S, 16 u L7y om
. Row- - "
: address Memory I~ Dar70) .
[ Row- latch 85,538 aray ers Columns » : ]
. address and (65536 x 128 x 64) | | 0.1.and2 Read Das t/Das " DQ[7:0]
- MUX decoder a v divers [, Sl -
H Refresh 16 L p
H counter 7'y - = READ A Vv, :
L Sense amplifiers 64 [s]a]e] "
. 5 . ~»{ FFO .
d -
: 74 8122 < 84, dota B4 Dal Rrrp S Rrm SR .
. 2 ﬁl— - 7T -
H B [ 78 < BC4 MUX l N NN .
: 35: ——— < OTF CRC \ \ .
. 2 control I/O gating Giobal | < e | .
A[15:0] . 7 > ogic DM mask logic VO gating Jne Jy >
y — drivers < «»
BA[1:0] Address 2 CK_tCK c nd < " DQS_t/
. register  |— ~ a < " Do
BG[1:0] J input . _c
' 8 logic .
128 og vV, .
H 18 = 84 <~ opa :
. 7
L]
1 ]
. - Data ? E %Rﬁp Rrmn SRrw :
: Column Column interface Coumn2 | L oln' o al_N .
M address decoder (BC4 nibble) \ :
H 10 counter/ S -
latch I~ .
H 2 VreQ S
: Columns 0, 1, and 2 k_’ -
e mecemesmesmassmssmsssmssmssmsssmssmsssmssmssssssmssmsssmssmssmsssmssmsssmssmssssssmssmssssssmssmssssmssmsssmsssssssssmsssssssssssssssssssssssssssssssssssssssd DB/
DM_n/
TDQS_t

Source: Micron
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B Memory Behavioral Model

https://bonany.qgitlab.io/pis/

PISLib Home Mem APIM  DPIM  About QSearch € PISLib Home Mem APIM  DPIM  About QsSearch € Previous  Next->

Processing-In-Memory in SoC Library - ~ Traditional Memory

Libt
ibrary This is a traditional random-access memory behavioral model.
PIM Macro Behavioral Models "Processing-In-Memory in SoC" Library (Pis-Lib) is a collection that contains typical PIM behavrioral models Abstract Diagram
10 Port
Usage Author: Dr. Bonan Yan f
Timing Diagram Info
Reference ‘ Core Code in Verilog A traditional memory support only two operation: read, write
PIM Macro Behavioral Models
Mode/Function
Code « Write: put a piece of data into the memory
o Chisel version: https:/gitlab.com/bonany/pislib_chisel * Read : fetch data from the memory (given the data is already written into the memory)

« Verilog version: https://gitlab.com/bonany/pislib_verilog
Abstract Diagram

We often use a Turing tape model to describe a memory:

Usage
Address
* Step 1: 127 some data
memory abstraction as a tape
git clone https://gitlab.com/bonany/pislib_chisel.git 128 some data
129 some data
or
130 some data

git clone https://gitlab.com/bonany/pislib_verilog.git
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 Memory
e Arithmetic Unit

* Number Systems

 Integer
* Fixed-Point
* Floating-Point

 Arithmetic
 Circuits & Implementation

Numbers




" B Why We Need to Introduce Arithmetic

4 —» g
Add " Add
—
Data
Register #
| PC {#»| Address Instruction 4 Registers ALU Address
' Register # Data
Instruction e
memory Register # o
Data

3 \JNIDQ b )
G 2 a t z J $
R $1:79v =
Tsos PEKING UNIVERSITY

« Arithmetic Logic Unit (ALU): heart of von Neumann architecture

« Deal with various precisions: decimals, fractions, integers, ...
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Part 1

Unsigned Integers



0 B Number System of Digital Computers

Digital Numbers

Integer —=

Fixed-Point —

Floating-Point

pm—

[

|

[

|

WE NEED YOU!

Still evolving @%

—

Unsigned
Signed

Unsigned
Signed

FP16
FP32
FP64
BF16
TF32

TR } W
ANEFES

PEKING UNIVERSITY



B B Unsigned Integer J?N?wim?

« Unsigned INT32 -

! I ! I ! I
231 | 9229 21
Significance: 230 28 20
* INT16, INTS, ... Recommend tool:
« Example: programmer’s calculator

32'd7 (=32'h0000_0007)
8'h1100_1101 (=8'hCD)



I B Unsigned Integer Arithmetic - Add & Subtract

* INT4 as example:

Add: 4'd7 +4'd5=4'd12

0111
+ 0101

1100

AR - 74
ez 2

PEKING UNIVERSITY

m

Subtract: 4'd12-4'd5 = 4'd7

Two’'s Complement

4 I
Bitwise
0707 =» =) +1 => 1011
1010-

o %

1100
01T o+ 1011

- 0101

0111




I BB Unsigned Integer Arithmetic - Multiply & Divide Jifwim%

DT
* INT4 as example:

Multiply: 4'd3 * 4'd5 = 4'd15 Divide: 4'd15/ 4'd3 = 4'd5

0011 101

x 0101 11 1111

- 11

0011 01

0000 00
0011 11

+ 0000 11

1111 0
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I B Unsigned Integer Circuits - Adder

A B A B Cout S
0 0 0 0
S=A®B
Half-Adder  c_, 0 1 0 1 C =A-B
1 0 0 1 out
S 1 1 1 0
7 N
A | B [ ¢ @ [ P K Cul s S = ABC + ABC + ABC + ABC
0 0 0 0 0 1 0 0
A B X o 1 =(A®B)®C=P®C
0o 1 (1) 0o 1 | o0 (1) (1) C,.=AB+ AC+BC
Full-Adder ~ Cou C SR S PO R B = 4B +C(4+ B)
S S IO v I U =AB+C(A4+B)
1 — =MAJ(4, B, C)
y




B B Unsigned Integer Circuits - Adder (Cont.) ez X ¥
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A B
Cout‘é‘C —- = =
A~| ~So-A B~l><}B C«D&C
S
A— —A
o B _ B
S =ABC + ABC + ABC + ABC : FECI FHC
-(4®B)®C=P®C . s Al B E#E
C.. = AB+ AC+BC A ¢ _ ¢ ol Al
A _ —
= AB+C(A+B) CQDS B[ [ I8 _ ol ﬁ—iE
S— _ A—[ B[ B
=AB+C(A+B) 818l —c,, A A <
C [

=MAJ(4, B, C)



B B Unsigned Integer Circuits - Adder (Cont.)

A B

Cout é‘ C

S

S = ABC + ABC + ABC + ABC
=(A®B)®C=P®C
C..=4B+AC+ BC
=AB+C(A+B)

= ZE+5(ZI+E)
_ MAJ(4, B, C)

G“NI')? )

(5 ) e - ‘g

f:, g X'J‘ -
1598

PEKING UNIVERSITY

m

Improved:
1
c—[1
— e j
A—B B—[e B[t A—{[t B—[1 C[1 B[l
. H, |
cls At milk At _
+ 1 +—S
cHg At L A—[1
1 H, |
A—l B4 B[ [A[t B[t c[1 B!
—1 —1 :I
v _ c[f
Cout ;|7

S=ABC+(A4+B+C)C

out

|dea behind:
Reuse Cout compute circuits to obtain both S



B B Unsigned Integer Circuits - Adder (Cont.) EF TS

GND

AN N\ c

SN ] >

I////)

VYOI HL
/7 7 77

ORI
R NN §

(7777772

R N

7 //////A

VY.

N
X/ D VIS

7

7 X

I 7777777777 7772

§Q$QQ§$.
N NN N
NN

V///“X/ 77

N

Ve 9.V.9. V4

N\

L7777 7 7 2

N
Y777 )(‘
N
..'.\‘.
£/ 7/ 7

VLSS
N,
VA4 »

ZZZ7777
T ZZ 777 7 X7

|74

7 W/ﬁ/ﬁ

S PEKING UNIVERSITY

m

Improved
1
c—[f
e ot j
A—B B—[e B[t A—{[t B—[1 C[1 B[l
1 1 |
cls At milk At _
+ 1 +—S
cHg At L A—[1
1 H, |
A—l B4 B[ [A[t B[t c[1 B!
—1 —1 j
v _ c[f
— Cout %

S=ABC+(A4+B+C)C

out

|dea behind:
Reuse Cout compute circuits to obtain both S



B B Adder Family - Carry-Ripple Adder ANEILTEE

Tao® PEKING UNIVERSITY

out

o A, B, A; By A, B, A, B,
@O 0 O@)/ @l 1 l@)/ carries H H

1111 1111 Ay » C | | | L\ C.
t I I I I

+0000 +0000 By N Gy G/ © ’

1111 0000 s, ; S, S3 Sy S

Natural & Intuitive
However, carry propagation path too long



B8 Adder Family - Carry-Ripple Adder

Bit Position
7 6 5 4 3 2 1 o)

-

(15 14 13 12 11 10 9 8
B
=l
o
ufl
o |
=
o .
| g
ull
=l Y
ufl
ol
ol
ufl

|15:0 14:0 13:0 1220 11:0 10:0 9:0 8:0 7:0 6:0 50 4:0 3:0 2:0 1:0 0:0

« Cout I CBW C2\iJ C1 I
S3 S) Sy

e\xm% »
ANELFEE]
Lot PEKING UNIVERSITY

m

A, B, A; By A, B, A, B,

0

| Cin

Sy

Weste, Neil HE, and David Harris. CMOS VLSI design: a circuits
and systems perspective. Pearson Education India, 2015.



B B Adder Family - Carry-Skip Adder NPT LT
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Numbers

(%6 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

[:(_HT— [f&(— As6:13 B16i13 A129 Biag Ags Bgs Agq By
ik ! ! ! !
Carry-Skip Pres Pizg P P
Adder LAY | LS Cou C.
nE -
S16:13 S12:9 S8 5 S4 1

|16:015:014:013:0 12.011:010:0 9:0 80 7:0 6:0 50 4.0 3:0 2.0 1.0 0:0

(16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

Ate:13 Bre:1s A129 Bi2g Ags Bgs Ag1 Byy
e 'd 'd k | |

- i Cout Gye.
Carry-Lookahead e e {(ép1;.3
Adder g g o |

nf i || o
| | o

G129
12:9

Si6:13 Si29 Sgs S4:1

|16:0 15:0 14:0 13:0 12:0 11:0 10:0 9:0 8:0 7:0 6:0 50 4:0 3:0 2:0 1:0 0:0

|dea Behind: Group and Divide!



BB Adder Family -

Big Family!

Tree Adder Family

(G5 4 13 12 1 10 9 8 7 6 5 4 3 2 1 0)

15:14 131 1: 98 7.6 5:4 32 10
15:12 18 73 3:0
158 70 V
150
5
130 90 50
ALSTALST NS

I15:0 14:0 13:0 120 11:0 10:0 90 80 7:0 &0 50 40 3:0 20 10 0:0|

I15:0 140 13:0 120 11:0 10:0 90 80 7:0 &0 50 40 30 20 10 0:0|

(a) Brent-Kung

(d) Han-Carlson

|150 14:0 13:0 120 110 100 90 80 70 &0 50 40 3:0 20 10 0:0|

bSO 14:0 130 12:0 110 100 90 80 7:0 60 50 40 3:0 20 10 0:0]

(b) Sklansky

(s 14 13 12 11 0 9 8 7 6 5 4 3 2 1 0)

15:14| 9443131201291 111:90110:9 1 9:8 {87 | 7:6 | 6:5 | 54 143 |3:2 { 2:1 110

15:12[14:11[1310| 129 118]10:7] 9 8574163 ) 5214113 2

15:8| 14:7| 13| 12:5( 11:4| 10:3[ 92| 81 | 7:0 | & 501 4

(e) Knowles [2,1,1,1]

15:14 [13:1 (11:10} 98 A
15:1 11:8 E
15:8] 13:8) b

15:8| 13:0 11:0 20

I15:0 14:0 130 12:0 11:0 10:0 90 80 7:0 60 50 40 30 20 10 0:0|

I15.0 14:0 130 120 110 100 90 80 7:0 60 S50 40 3:6 20 10 00

(c) Kogge-Stone

(f) Ladner-Fischer

Carry-Incremental Adder

Numbers

(15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

| e e

13:12 ‘91 ‘s.i
1412 ‘101 6:4
15:12 11:8 74

nfnflnng

L L

|15:0 14:0 13:0 12:0 11:0 10:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0‘

\1514131211109876543210)

. o

1211 8.7 54 3:2

il

1311 o7 64

oo

14:11 10:7

1511

‘15:0 14:0 13:0 12:0 11:0 10:0 9:0 80 7:0 6:0 5:0 4:0 3:0 2.0 1.0 0:0|
(a)

\1514131211109876543210)

1211 87 54 3:2 1:0

141# 10-7’:|{9:7 s:: 10:‘7 [
v
q

‘15:0 14:0 13:0 12:0 11:0 10:0 9:0 8:0 7:0 6:0 5.0 4.0 3:0 2:0 1:0 0:0
(b)

15:11

Je 7 X

PEKING UNIVERSITY
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B B Adder Family - Big Family! (Cont.)

Sparse Tree Adders

Numbers
(25 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)
«h(én‘—‘(éqf—l(&«h(éo‘—q(éu”—'féﬁé#ﬁ(é@lf—é{é
¢ ¥ ¢ (4 ‘ [ &
7 5 ) (27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 0 8 7 6 5 4 3 2 1 0)
¥ : g | @ & 3 I a2 2 %
oAy v o \v v o\ e o/\e g o \y T o\ o\ g/ / ; / ; i\
|26102520 24:023:022:021:020:019:0 18:017:016:0 15:0 14:013:012:011:010:0 9:0 8:0 7:0 6:0 5.0 4.0 3:0 2.0 1.0 010| f : P f
(a) Brent-Kung ("{ <§5, Qp
\& 7 o/ \& g o/
(26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0) / / / ) / /
4 I Jd JWY JH J Y g ‘P — ‘P :‘{ ? [24 23 22|[21 20 19][18 17 16][15 14 13][12 11 w0][0 8 7|[6 5 4|[3 2 1]
cf < f 1!’ 1( 1( < i{ 1f l" 1{ ( !{ T [ T/ T
EsasssasslEEEEE R R (32 31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1)
|26:025:024:023:022:021:020:019:018:017:016:015:014:013:012:011:010:0 9:0 80 7:0 6:0 50 4:0 3:0 20 1:0 0:0|

(b) Sklansky

26:. 25&;‘ 237 22:21 Ii(;)‘:ﬁ) 14:13 Q:(:izﬁ

(26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0) 28:25

1

o

[32 31 30 29][28 27 26 25][24 23 22 21|[20 19 18 17|[16 15 14 13][12 11 10 9[[8 7 6 5|[4 3 2 1]

|26:025:0 24:023:022:021:020:0 19:0 18:017:0 16:0 15:0 14:013:0 12:011:0 10:0 9:0 8:0 7:0 6:0 5:0 4.0 3:0 2:0 1:0 0:0 |

(c) Kogge-Stone

(2726 25 24 23 22 2120 191817 16 1514131211109 8 7 6 5 4 3 2 1 0)

26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

G . ; i : : : : '-,-> ././././ ‘/‘/

¢ ¢ J¢d Joed Jed HEd ¢ Jacf_(a%'f—c(é@_gé

T e e P — =

] l = = ] = [ [
[ B e B = ——— L —
i o = i M

fEajrssjissiissrssissitssitss)
[26:025:024:023:022:0 21:020:0 19:0 18:0 17:0 16:0 15:0 14:013:012:0 11:010:0 9:0 8:0 7:0 6:0 50 40 3:0 2:0 1:0 0:0] Cout|27 26 25“24 23 22”21 20 19”18 17 16”15 14 13”12 11 10”9 8 7”6 5 4”3 2 1|

(d) Han-Carlson



" B Adder Family - Choose Wisely

6\3)«'1,,0 )

;é 1&"__ at - J ‘ﬁ

el 5 5Ho9 =
Tsod PEKING UNIVE

RSITY

m

6
— Prefix Tree
541 = P
)///, Carry Lookahead
—~ 4 -
=
= (- / Carry Select & 32-bit
© 3 < _
o g m 64-bit
< ol Ripple Carry
NG i/
\_0/ ® 0 J \
1 v I
e
L 4
O 1 1 I I 1
0 20 40 60 80 100 FO: Fan-Out

Delay (FO4)

Everything has trade-off!
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I B Unsigned Integer Circuits - Subtractor

C = A-B = A+ (-B)

Multi-bit
Adder

opposite
B number
circuit

What is “opposite number circuit” though?
[Save for a moment later]



I B Unsigned Integer Circuits - Multiplier

Ys Ya Y3 Y2 Y1 Yo
X5 Xy X3 Xp X4 Xo
XoYs | XoY4 | XoY3 XoY2 XoY1 XoYo
X1Ys  X1Ya | X1¥3 | X1Y2 X1¥Y1 X1¥o
Xo¥s XoYa XYz | X2Y2 | X2Y1 X2Yo
X3Y5 X3Y4 X3¥3 Xz¥2 | X3Y1 | X3Yo
X4Ys5  Xa¥4  Xa¥Y3  X4Y2  Xa¥1 | X4Yo
XsYs XsY4 XsY3 XsYp XsY1 XsYp ‘\\\\
P11 P10 Pog Ps  P7 Ps Ps Psa  P3 P1 Po

:’5”“)‘? at } ﬁ
NELEES
PEKING UNIVE

RSITY
m
Multiplicand
Multiplier
Partial
Products
- Product

Multiple-input addition

How do you implement it?

Yes! Adders!



B B Unsigned Integer Circuits - Multiplier NETES
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m

Carry-Save Adder (CSA) & “carry-save redundant format”

Example: Sumof 1011 1001 0011 1111 7?

1011 1001 0011 1111 1011 1001 0011 1111
Y Yy ¢

11100° / / ° °
1,0100 & ¥ 1,0100

Carry add together,
Yo Zs X3 Y3Z3 Xo Yo Zy X, Y, Z,

Sum add together v
2 s R

C,S, C3S;s C,S, CiS
XN.1 YN_14N.1

( Carry, Sum)

Cn.1 SN.1

01, 1111



I B Unsigned Integer Circuits - Multiplier

Ys Ya Y3 Y2 Y1 Yo Multiplicand
X5 X4 X3 X5 X4 Xo Multiplier
XoYs XoY4 XoYs XoY2 XoY1 XoYo
X1Ys X1¥4 X1¥Y3 XqY2 X4¥1 X1Yo
XoYs Xo¥Ya Xo¥3 Xa¥Ya2 Xo¥1 XaYo Partial
X3Ys X3Y¥s X3¥3 Xz¥z X3¥q1 XsYp Products
XaYs5  Xa¥Y4  X4¥3  X4Y2 X4¥1 XaYo
XsYs XsY4 XsY3 XsYp XsY1 XsYo i
P11 P P Pg  Pr Pe Ps  Ps P3 P2 P1  Po Product

Partial Product:
Single-bit multiplication is equivalent to “AND”

x|y | Partialproduct

0

<

0
0
1
1

- O O O

0
0
1

=

ez X ¥
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JL16%

A
&
]
il
>

1598

Numbers

Y3 Y2 Y1 Yo
Xo ]
X4 » 7
: I
W gmvdm
Xo i Array
(’ |
“\ |
H 1
1 |
X3 4
: 4 'd 4 ;( g ]
«[ = — = CPA
! \ J J J v _
| | I I
P7 Pe Ps P4 P3 P2 P4 Po
AB @ -——
S, AC Critical Path
m/ in A B A B
B— Sin
= Cout <_Cin = Cout Cln
* Cout Cin Sout
Cout  Sout Sout Sout



I B Unsigned Integer Circuits - Multiplier

Ys Ya Y3 Y2 Y1 Yo Multiplicand
X5 X4 X3 X5 X4 Xo Multiplier
XoYs XoY4 XoYs XoY2 XoY1 XoYo
X1Ys X1¥4 X1¥Y3 XqY2 X4¥1 X1Yo
XoYs Xo¥Ya Xo¥3 Xa¥Ya2 Xo¥1 XaYo Partial
X3Ys X3Y¥s X3¥3 Xz¥z X3¥q1 XsYp Products
XaYs5  Xa¥Y4  X4¥3  X4Y2 X4¥1 XaYo
XsYs XsY4 XsY3 XsYp XsY1 XsYo i
P11 P P Pg  Pr Pe Ps  Ps P3 P2 P1  Po Product

Partial Product:
Single-bit multiplication is equivalent to “AND”

x|y | Partialproduct

0

<

0
0
1
1

- O O O

0
0
1

=

TR p g
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Numbers

Y3 Y2 Y1 Yo
Xo Y
| p
X4 0
1 1 [\,
Reshapeto x
Rectangular: ] [ ,
X P2
3
r ] p N | p | NP3
N J J J J
| I I |
p7 Pe Ps Ps
AB =
S, AC Critical Path
m/ in A B A B
B—» Sin
= Cout <_Cin = Cout Cln
* Cout Sout
Cout Sout So ut Sout



@ B Unsigned Integer Circuits - Divider

divisor

11

guotient

101

1111
- 11

01
00

11
11

0

‘,\SNI,,G »

;é ¢w_ at - J $
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m

‘ FIl1G. 3
N {
dividend /52 /53 /5|
) DIVIDEND
DIVISOR REMAINDER = / QUOTIENT nEm
3] 6 7
N —'N
r—""|"-"—-—"—-"""\f"—"—-"=-=-= ﬂl
L l -
N { —\/ 85 L8
| SUBTRACTER - :
| 86 |
e i
. ' ’l \—ll
remainder N

Yamahata, Hitoshi. "Integer division circuit provided with a overflow
detector circuit." U.S. Patent No. 4,992,969. 12 Feb. 1991.
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Part 2

Signed Integers



B B Signed Integer NEITES
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s
 Signed INT32

sign bit
-

Significance: ! I 1 I ! I

29311 229 21
230 928 20

Signed Bit

. INT16. INT8, . -W

Positive

) Example. 1 Negative

-32'd7 (=32'hff_ff_ff_f9)
8'b0100_1101 (=8'hCD)

A Useful Tool: Cryptii


https://cryptii.com/pipes/integer-encoder

B B Signed Integer NPT LT

« Problem: What is the range of signed vs. unsigned integers? m

For UINTn: 0~2"-1

For INTn: -2m1~2n1.1 Here is the answer of "opposite number circuits”!
i ARl Codeword | INT4 INT4 Codeword | INT4 INT4
Example of Signed INT4 0000 1000

sign bit 0001 1 1 1001 9 -7

y 0010 2 2 1010 10 -6

0011 3 3 1011 11 -5

ZTJ 22 I 0100 4 4 1100 12 -4

92 90 0101 5 5 1101 13 -3

- / 0110 6 6 1110 14 -2

0111 7 7 1111 15 -1



" B Signed Integer - Two Types of Shift

» Verilog HDL supports 2 types of shift:

« Logic Shift Operators (<<, >>)

« Arithmetic Shift Operators (<<<, >>>)

/

Example of Signed INT4

TN
IS v Z J/ 4
f:, 2 5Ho9 =
1893

PEKING UNIVERSITY

m

Logic shift >> <<: filling with zeros
3'b100 >> 1'd1 gives 3'b010
3'b101 >> 1'd1 gives 3'b010
3'b101 << 1'd2 gives 3'b100

Arithmetic shift;

 <<<: Shift left specified number of bits,
filling with zero.

« >>>: Shift right specified number of bits, fill
with value of sign bit if expression is signed,
othewise fill with zero.



B B Signed Integer - Two Types of Shift ANELIES

» Verilog HDL supports 2 types of shift:

* Logic Shift Operators (<<, >>)

« Arithmetic Shift Operators (<<<, >>>)

1000 8 -8
1001 9 -7
1010 10 -6
1011 11 -5
1100 12 -4
1101 13 -3
1110 14 2
1111 15 -1

4'b1110 >>>1'd1 gives 4'b1111
4'b0110 >>> 1'd1 gives 4'b0011

PEKING UNIVERSITY

m

Logic shift >> <<: filling with zeros

3'b100 >> 1'd1 gives 3'b010
3'b101 >> 1'd1 gives 3'b010
3'b101 << 1'd2 gives 3'b100

Arithmetic shift;
 <<<: Shift left specified number of bits,
filling with zero.

« >>>: Shift right specified number of bits, fill
with value of sign bit if expression is signed,
othewise fill with zero.



Part 3 About Fraction
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m
* Fixed32

sign bit
-
Significance: ! I ! I ! I I f
-)15 213 21 2-2
214 212 202_1

O

« Example: Positive

(1.10), = (1*2041*27+0%22),4,=(1.50)4 1 Negative



B B Fixed-Point Number NPT LT

 Arithmetic Just Works the Same Way! -

Integer Arithmetic 4  Fixed-Point Arithmetic

 Verilog HDL does not support fixed-point natively



e"““p"—p } W
ANETEE
1898

PEKING UNIVERSITY

Part 4

Floating-Point



B B Floating-Point Number J?NEW;E’RS%

DT
- FP32

sign bit
—
1b SignS  8b Exponent E 23b Mantissa/Fraction F
* Meaning:
Exponent __|Fraction _ [Object __ |Vae

0 0 0

0 Nonzero Denormalized number  (-1)Sx(0.F)x2EE
Nonzero Anything Floating-point number  (-1)Sx(1.F)x2EE

All “1” 0 infinity

All “1” Nonzero NaN (not a number)



I B Floating-Point Number 25 e 5N

RSITY

—
1b SignS  8b Exponent E 23b Mantissa/Fraction F

Exponent  [Fracion ____ |Object | Value

Nonzero Denormalized number  (-1)Sx(0.F)x2EE
Nonzero Anything Floating-point number  (-1)Sx(1.F)x2EE
All “1” 0 infinity —
All “1” Nonzero NaN (not a number) -

o
I
o

S=1, E=0, F=0, what is the value?
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I B Floating-Point Number

B ESEDIEY

Exponent _______[Fraction _______|Object ________|Value

0 0 0 —

Nonzero Anything Floating-point number  (-1)Sx(1.F)x2E8
All “1” 0 infinity --

All “1” Nonzero NaN (not a number) -

Type Sign Exponent Exponent bias|significand total _ _
Half (IEEE 754-2008) 1 5 15 10 16 S_O' I’E_O'

Single. 1 sC_B 127 » 2 F=23'10000_00000_00000_00000_000
poulis] i = 2 & what is its decimal value?

Quad 1 15 16383 112 128

(0.1),x27127=0.5x 2127
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I B Floating-Point Number

B ESEDIEY

MEM__ Value

Nonzero Denormalized number  (-1)$x(0.F)x21-B
All “1” infinity
All “1” Nonzero NaN (not a number) -
Type Sign Exponent Exponent bias|significand total _ _0!
Half (IEEE 754-2008) 1 5 15 10 16 S=0 I’E_8 b127
Single. 1 sC_B 127 » 2 F=23'10000_00000_00000_00000_000
poulis] i = 2 & what is its decimal value?
Quad 1 15 16383 112 128

(1.1),x2127127=1 5
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MEM__ Value

Nonzero Denormalized number  (-1)$x(0.F)x21-B
All “1” infinity
All “1” Nonzero NaN (not a number) -

Absolute Max: S=0, E=8'b1111_1110, F=23’'h7FFFFF: (1.1111111111111111111111111111111),*2801111_1110-80127
=3.40282346639e+38

Absolute Min: S=0, E=8'b0000_0001, F=23'h0000_0001: (1.000000000000000000001),*21-127



I B Floating-Point Number 2§ ek
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Exponent _______[Fraction _______|Object | Value

0 0 0 -

All “1” infinity
All “1” Nonzero NaN (not a number) -

Absolute Max: S=0, E=8'b1111_1110, F=23’'h7FFFFF: (1.111111111111111111111711),*28b1111_1110-8b127
=3.40282346639e+38

Absolute Min: S=0, E=8'b0000_0001, F=23'h0000_0000: (1.000000000000000000001),*21-127
=1.17549435082e-38

Denormalized:
Absolute Min: S=0, E=8'b0000_0000, F=23’h0000_0001: (0.000000000000000000001),*20-127
=7.006492321624085e-46



I B Floating-Point Number

123456.7
101.7654

Hence:
123456.7 +

Actually, result is:

 Add

1.234567 * 10”5

1.017654 * 1072 = 0.001017654 * 10”5

101.7654

F=1.234567
F=1.017654

F=1.234567
F=0.001017654

F=1.235584654

(1.234567 * 1075) + (1.017654 * 1072)
(1.234567 * 1075) + (0.001017654 * 10°5)
(1.234567 + 0.001017654) * 1075
1.235584654 * 1075

(123456.7)
(101.7654)

(after shifting) Round-off error

e=5; s91.235585 [final sum: 123558.5)

e"““p‘% ; g
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Try by yourself:
(E=5, F=1.234567) + (E=-3, F=9.876543) = 7?

1.234567
9.876543

1.234567
0.00000009876543 (after shifting)

1.23456709876543 (true sum)
1.234567 (after rounding/normalization)
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e Subtract

Try by yourself:
(E=5, F=1.234571) - (E=5, 1.234567) = 7?

5; F=1.234571
=5; F=1.234567
E=5; F=0.000004
E=-1; F=4.000000 (after rounding4normalization

p—

Change to normalized form of FP numbers



I B Floating-Point Number

« Multiply:

E=3; F=4.734612
x E=5; F=5.417242

E=8; F=25.648538980104 (true product)
E=8; F=25.64854 (after rounding)
E=9; F=2.564854 (after normalization)

Exponent: Sum Operation
Mantissa: Multiply Operation

Don’t forget normalization

G“NI')? )
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* Divide:

Exponent: Subtract Operation
Mantissa: Divide Operation

Don’t forget normalization

Q: What if normalized number multiplies
denormalized number?



B B Floating-Point Number J?N?Wim?

DT
Incompleteness of

Floating-Point Arithmetic

1234.567 + 45.67844 = 1280.245
1280.245 + 0.0004 = 1280.245

« May not associative: BLE
45.67840 + 0.00004 = 45.67844
45.67844 + 1234.567 = 1280.246
1234.567 x 3.333333 = 4115.223
1.234567 x 3.333333 = 4.115223
 May not distributive: 4115.223 + 4.115223 = 4119.338
but
1234.567 + 1.234567 = 1235.802
1235.802 x 3.333333 = 4119.340
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2 B Floating-Point Number SEIBEE M

Operand A Operand B Operation  Round

Adder: | !
L]
Conversion from |IEEE-754 to BCD
I Sign | Exponent I Fraction | I Sign [ Exponent I Fraction 54 d8¢ ;‘ E‘ gl _‘3‘
l Operand Exchange
\ Y
(2] (9} m m
Small ALU ompare R i Py Py
exponents — - » »
Significand Alignment > @
Exponent L‘CP)‘ gl
difference “ '
Yy ¥ . Y1y Conversion to Excess-3 Operation Unit
Co 1) L0 1) I—»( 012
L> Aw !
= Shift smaller \ Effechye
Control | Shift right I number right Inversion and Sticky Expansion Operation
P
m
M v Y B 2 2 2
N o ]
) Add 76-bit Binary Adder and Flag ®
Big ALY Generation
3 5 °l
Y = « ' -
—_0 _1 e Correction Unit Sign Unit
g‘
1 t
- ’;‘;’::2:12”(:’ Shift left or nght Nodrisitse W
T — Shitt and Round <
j_ 2 7
A -0 X
>| Rounding hardware_] Round o w
Conversion from excess-3 to SR
\ Y \ |E EE-754
[ Sign | Exponent l Fraction |
Result

Thompson, John, Nandini Karra, and Michael J. Schulte. "A 64-bit decimal floating-point adder." IEEE Computer Society Annual Symposium on VLSI. IEEE, 2004.
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X[31] Y[31]  X[30:23]  Y[30:23] X[22:0] Y[22:0]
XOR ADDER FOR EXPONENTS PARTIAL PRODUCT
GENERATOR
Lol | Sign: XOR
SUBTRACT BIAS
PARTIAL PRODUCT Exponent: Add
ACCUMULATOR
ADD ONE . )
1 Mantissa: Multiply
MUX 4— FINALSTAGE
NORMALIZATION & ROUNDING OFF

s

32-bit OUTPUT

Jain, Anna, et al. "FPGA design of a fast 32-bit floating point multiplier unit." 2072
International Conference on Devices, Circuits and Systems (ICDCS). IEEE, 2012.
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I B Floating-Point Number

Numbers

Floating Point ALU supports +-*/

RISC-V floating-point assembly languago

F()

FP add single fadd.s f0, o TR 2 FP add (single precision)
FP subtract single fsub.s f0, f l , f2 t0 = f1 = #2 FP subtract (single precision)
FP multiply single fmul.s: 0, ¥1; F2 f0 = f1 * f2 FP multiply (single precision)
FP divide single faiv.s 10, #l, T2 fo = f1 / f2 FP divide (single precision)
Arithmetic FP square root single fsqrt.s f0, fl FO = vl FP square root (single precision)
FP add double fadd.d f0. £l, f2 0 = F1 + f2 FP add (double precision)
FP subtract double fsub.d f0, fl, f2 f0 = f1 FP subtract (double precision)
FP multiply double fmul.d fO, fl, f2 f0 = f1 * f2 FP multiply (double precision)
FP divide double TaTv.d T0; Tl; T2 0= T /1 T2 FP divide (double precision)
FP square root double fsqrt.d f0, f1 f0 = vfl FP square root (double precision)
FP equality single feq.s x5, f0, fl x5 = 1 if f) == f1, else 0 | FP comparison (single precision)
FP less than single flt:s %5; 10; Tl x5 =1 §if f0 < fl1, else 0 FP comparison (single precision)
FP less than or fle.ss%8, 0, Tl x6 =1 {f f0 <= f1, else 0 | FP comparison (single precision)
equals single
Comparison
FP equality double feq.d x5, f0. fl x5 =1 if fl == f1, else 0 | FP comparison (double precision)
FP less than double flt.d x5, 0, €1 xb=1 if f0 < fl,. else 0 FP comparison (double precision)
FP less than or fle.d x5, 10, fl xh = 1 if f0 <= f1, else 0 | FP comparison (double precision)
equals double
FP load word fiw f0, 4(x5) f0 = Memory[x5 + 4] Load single-precision from memory
Data transfer | FP load doubleword fld f0. 8(x5) f0 = Memory[x5 + 8] Load double-precision from memory
FP store word fsw fO, 4(x5) Memory[x5 + 4] = f0 Store single-precision from memory
FP store doubleword fsd f0, x5) Memory[x5 + 8] = f0 Store double-precision from memory




B Summary

AR z NS4
e g 2

PEKING UNIVERSITY

 Memory
e Arithmetic Unit

 Number Systems

* Integer
 Fixed-Point
 Floating-Point

 Arithmetic
» Circuits & Implementation



